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Abstract
A (q, t)-tree-coloring of a graph G is a q-coloring of vertices of G such that the
subgraph induced by each color class is a forest of maximum degree at most t. A
(q,∞)-tree-coloring of a graph G is a q-coloring of vertices of G such that the subgraph
induced by each color class is a forest.
Wu, Zhang, and Li introduced the concept of equitable (q, t)-tree-coloring (respec-
tively, equitable (q,∞)-tree-coloring) which is a (q, t)-tree-coloring (respectively, (q,∞)-
tree-coloring) such that the sizes of any two color classes differ by at most one. Among
other results, they obtained a sharp upper bound on the minimum p such that Kn,n
has an equitable (q, 1)-tree-coloring for every q ≥ p.
In this paper, we obtain a polynomial time criterion to decide if a complete bi-
partite graph has an equitable (q, t)-tree-coloring or an equitable (q,∞)-tree-coloring.
Nevertheless, deciding if a graph G in general has an equitable (q, t)-tree-coloring or
an equitable (q,∞)-tree-coloring is NP-complete.
1 Introduction
Throughout this paper, all graphs are finite, undirected, and simple. We use V (G) and
E(G), respectively, to denote the vertex set and edge set of a graph G. Let Km,n be a
complete bipartite graph in which partite set X has size m and partite set Y has size n.
An equitable k-coloring of a graph is a proper vertex k-coloring such that the sizes of
every two color classes differ by at most 1.
Hajnal and Szemere´di [5] settled a conjecture of Erdo˝s by proving that every graph G
with maximum degree at most ∆ has an equitable k-coloring for every k ≥ 1 + ∆. This
result is now known as Hajnal-Szemere´di Theorem. Later, Kierstead and Kostochka [6] gave
a simpler proof of Hajnal-Szemere´di Theorem. The bound of the Hajnal-Szemere´di theorem
is sharp, but it can be improved for some important classes of graphs. In fact, Chen, Lih,
and Wu [1] put forth the following conjecture: Every connected graph G with maximum
degree ∆ ≥ 2 has an equitable coloring with ∆ colors, except when G is a complete graph
or an odd cycle or ∆ is odd and G = K∆,∆.
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Lih and Wu [9] proved the conjecture for bipartite graphs. Meyer [10] proved that every
forest with maximum degree ∆ has an equitable k-coloring for each k ≥ 1 + ⌈∆/2⌉ colors.
This result implies the conjecture holds for forests. Yap and Zhang [14] proved that the
conjecture holds for outerplanar graphs. Later Kostochka [7] improved the result by proving
that every outerplanar graph with maximum degree ∆ has an equitable k-coloring for each
k ≥ 1 + ⌈∆/2⌉.
In [16], Zhang and Yap essentially proved the conjecture holds for planar graphs with
maximum degree at least 13. Later Nakprasit [11] extended the result to all planar graphs
with maximum degree at least 9. Some related results are about planar graphs without some
restricted cycles [8, 12, 17].
Moreover, the conjecture has been confirmed for other classes of graphs, such as graphs
with degree at most 3 [1, 2] and series-parallel graphs [15].
A (q, t)-tree-coloring of a graph G is a q-coloring of vertices of G such that the subgraph
induced by each color class is a forest of maximum degree at most t. A (q,∞)-tree-coloring
of a graph G is a q-coloring of vertices of G such that the subgraph induced by each color
class is a forest.
In [3], Fan, Kierstead, Liu, Molla, Wu, and Zhang considered an equitable relaxed col-
oring. They proved that every graph with maximum degree ∆ has an ∆-coloring such that
each color class induces a graph with maximum degree at most one and the sized of any two
color classes differ by at least one.
On the basis of the aforementioned research, Wu, Zhang, and Li [13] introduced the
concept of equitable (q, t)-tree-coloring (respectively, equitable (q,∞)-tree-coloring) which is
a (q, t)-tree-coloring (respectively, (q,∞)-tree-coloring) such that the sizes of any two color
classes differ by at most one. Thus, the result of Fan, Kierstead, Liu, Molla, Wu, and Zhang
can be restated that every graph with maximum degree ∆ has an equitable (∆, 1)-tree-
coloring.
Among other results, Wu, Zhang, and Li [13] obtained a sharp upper bound on the
minimum p such that Kn,n has an equitable (q, 1)-tree-coloring for every q ≥ p. In this
paper, we obtain a polynomial time criterion to decide if a complete bipartite graph has an
equitable (q, t)-tree-coloring. Nevertheless, deciding if a graph G in general has an equitable
(q, t)-tree-coloring is NP-complete.
2 (q, t)-tree-coloring on graphs
Assume G is a subgraph of H, and f is a coloring of H, we let fG denote a coloring of G
defined by fG(v) = f(v) for each vertex v in G.
Lemma 2.1. Assume t in a positive integer. Let H be obtained from an n-vertex graph G
and nt copies of K2q−1 by joining each vertex of G to t copies of K2q−1 where each copy of
K2q−1 is joining to exactly one vertex of G. A graph G has a proper q-coloring if and only if
H has a (q, t)-tree-coloring.
Proof. Observe that each color class resulted from (q,∞)-tree-coloring of K2q has size 2.
Thus such a coloring is unique (up to isomorphism).
Necessity. Color G by a proper q-coloring. We can extend a (q, t)-tree-coloring to each
copy of K2q−1 joining with a vertex in G by the above observation. Moreover, there is
exactly one vertex in each copy of K2q−1 that has the same color with a vertex in G. Thus
this coloring is a (q, t)-tree-coloring of H.
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Sufficiency. Assume H has a (q, t)-tree-coloring f. By the above observation, each vertex
v in G has exactly one adjacent vertex with the same color in each of t corresponding copies
of K2q−1. Consequently, v has no neighbors with the same color in G. Thus fG is a proper
q-coloring. ✷
Lemma 2.2. A graph G has a proper q-coloring if and only if H := G ∨Kq has a (q,∞)-
tree-coloring.
Proof. Necessity. Color G by a proper q-coloring. We can extend a (q,∞)-tree-coloring
to H by coloring all vertices of Kq by distinct colors. One can check that each color class
induces K1,m for some m. Thus we obtain a desired coloring.
Sufficiency. For a coloring f of H, define S(f) to be a number of color classes Vis in which
Vi∩V (G) is an independent set. Choose f among (q,∞)-tree-colorings of H with the largest
S(f). Note that if S(f) = q, then fG is a proper q-coloring of G. Suppose to the contrary
that S(f) < q. Then there is a color class V1 such that V1 ∩ V (G) is not independent. Note
that V1 cannot contain a vertex from Kq, otherwise V1 induces a cycle subgraph. Since we
color this Kq by q − 1 remaining colors, there is a color class V2 = {a, b} ⊆ V (Kq).
Since V1 induces a forest, we can partition V1 into 2 independent sets X and Y. Let
a coloring g be obtained from f by changing V1 into X ∪ {a} and V2 into Y ∪ {b} while
other color classes remain the same. Thus we obtain a (q,∞)-tree-coloring g of H with
S(g) = S(f) + 1. This contradiction completes the proof. ✷
Corollary 2.3. Let q ≥ max{3, t}. The problems of determining if a graph G has a (q, t)-
tree-coloring, a (q,∞)-tree-coloring, an equitable (q, t)-tree-coloring, or an equitable (q,∞)-
tree-coloring are NP-complete.
Proof. It is known [4] that determining if a planar graph G with maximum vertex degree 4
is 3-colorable is NP-complete. Thus deciding if G ∨Kq−3 is q-colorable where q ≥ 4 is also
NP-complete. Using Lemmas 2.1 and 2.2, we have that problems of determining if a graph
has a (q, t)-tree-coloring or a (q,∞)-tree-coloring for q ≥ max{3, t} are NP-complete.
Let H be obtained from an n-vertex graph G by adding qn isolated vertices. Then G has
a (q, t)-tree-coloring (respectively, a (q,∞)-tree-coloring) if and only if H has an equitable
(q, t)-tree-coloring (respectively, an equitable (q,∞)-tree-coloring). This completes the proof.
✷
3 (q, t)-tree-coloring on bipartite graphs
Let V1, . . . , Vq be color classes from a q-coloring c (not needed to be proper) of Km,n,
a = ⌊(m+ n)/q⌋, and let
c(X1) = {Vi| |Vi ∩X| = a + 1, |Vi ∩ Y | = 0}, c(X2) = {Vi| |Vi ∩X| = a, |Vi ∩ Y | = 0},
c(Y1) = {Vi| |Vi ∩ Y | = a + 1, |Vi ∩X| = 0}, c(Y2) = {Vi| |Vi ∩ Y | = a, |Vi ∩X| = 0},
c(X ′
1
) = {Vi| |Vi ∩X| = a, |Vi ∩ Y | = 1}, c(X
′
2
) = {Vi| |Vi ∩X| = a− 1, |Vi ∩ Y | = 1},
c(Y ′1) = {Vi| |Vi ∩ Y | = a, |Vi ∩X| = 1}, c(Y
′
2) = {Vi| |Vi ∩ Y | = a− 1, |Vi ∩X| = 1}.
We have the following lemma.
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Lemma 3.1. Let a = ⌊(m + n)/q⌋ and m + n = qa + r. There are nonnegative integers
k1, . . . , k4 satisfying
k1 + k2 + k3 + k4 = q,
k1(a+ 1) + k2a = m, (1)
k3(a+ 1) + k4a = n
if and only if Km,n has a proper equitable q-coloring such that |c(X1)| = k1, |c(X2)| = k2,
|c(Y1)| = k3, and |c(Y2)| = k4.
Additionally, we have k1 + k3 = r and k2 + k4 = q − r for the above values.
Proof. If c is a proper equitable q-coloring, then each color class is contained in X or Y and
each has size a or a+1. Thus |c(X1)|+|c(X2)|+|c(Y1)|+|c(Y2)| = q, |c(X1)|(a+1)+|c(X2)|a =
m, and |c(Y1)|(a+ 1) + |c(Y2)|a = n.
Conversely, assume nonnegative integers k1, k2, k3, k4 satisfy all of these equations. It is
straightforward to construct a proper equitable q-coloring c with |c(X1)| = k1, |c(X2)| = k2,
|c(Y1)| = k3, and |c(Y2)| = k4. Thus the converse holds.
Consider k1, k2, k3, and k4. From qa + r = m + n = (k1 + k3)(a + 1) + (k2 + k4)a =
(k1 + k2 + k3 + k4)a+ k1 + k3 = qa+ (k1 + k3), we have k1 + k3 = r and k2 + k4 = q − r. ✷
Let a = ⌊(m + n)/q⌋. Each color class Vi from an equitable (q, a)-tree-coloring of Km,n
has size a or a+ 1. Moreover, |Vi ∩X| ≤ 1 or |Vi ∩ Y | ≤ 1, otherwise Vi induces a subgraph
C4. Using these facts, Wu, Zhang, and Li obtained the analogous result for an equitable
(q, a)-tree-coloring.
Lemma 3.2. [13] Let a = ⌊(m+n)/q⌋ and t ≥ a. There are nonnegative integers k1, . . . , k8
satisfying
k1 + · · ·+ k8 = q,
k1(a+ 1) + k2a + k5a+ k6(a− 1) + k7 + k8 = m, (2)
k3(a+ 1) + k4a + k7a+ k8(a− 1) + k5 + k6 = n
if and only if Km,n has an equitable (q, t)-tree-coloring c such that |c(X1)| = k1, |c(X2)| = k2,
|c(Y1)| = k3, |c(Y2)| = k4, |c(X
′
1)| = k5, |c(X
′
2)| = k6, |c(Y
′
1)| = k7, and |c(Y
′
2)| = k8.
Additionally, we have k1 + k3 + k5 + k7 = r and k2 + k4 + k6 + k8 = q − r for the above
values.
Condition A. Let m+ n = qa+ r where 0 ≤ r ≤ q − 1. We call (m,n) satisfies Condition
(A) if one of the following holds;
(i) r = 0 and m is divisible by a,
(ii) r ≥ 1, r(a+ 1) ≥ m, and min{⌈m/(a + 1)⌉, q − r} ≥ (a + 1)⌈m/(a+ 1)⌉ −m, or
(iii) r ≥ 1, r(a+ 1) < m, and min{r, q − ⌈(m− r)/a⌉} ≥ a⌈(m− r)/a⌉+ r −m.
Theorem 3.3. Km,n has a proper equitable q-coloring if and only if (m,n) or (n,m) satisfies
Condition A.
Proof. NECESSITY. Assume c is a proper equitable q-coloring of Km,n. WLOG, assume
|c(X1)| ≥ |c(Y1)|. We prove that (m,n) satisfies Condition A.
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CASE 1. r = 0. Then every color class has size a. Consequently, |c(X2)|a = m. Thus
(m,n) satisfies Condition A(i).
CASE 2. r ≥ 1. Choose such a coloring c with largest |c(X1)|. Suppose to the contrary
that |c(X2)| ≥ a + 1 and |c(Y1)| ≥ a. Define k1 = |c(X1)| + a, k2 = |c(X2)| − a − 1, k3 =
|c(Y1)| − a, k4 = |c(Y2)| + a + 1. By Theorem 3.1, there is a proper equitable q-coloring c
′
of Km,n with |c
′(X1)| = |c(X1)| + a which contradicts the choice of c. Thus |c(X2)| ≤ a or
|c(Y1)| ≤ a− 1.
SUBCASE 2.1. |c(X2)| ≤ |c(Y1)|. Since |c(X1)|(a+1)+|c(X2)|a = m, we have (|(c(X1)|+
|c(X2)| − 1)(a+ 1) ≤ m ≤ (|c(X1)|+ |c(X2)|)(a+ 1).
If (|c(X1)|+ |c(X2)|−1)(a+1) < m, then ⌈m/(a+1)⌉ = |c(X1)|+ |c(X2)|. Consequently,
min{⌈m/(a+1)⌉, q−r} = min{|c(X1)|+|c(X2)|, |c(X2)|+|c(Y2)|} ≥ |c(X2)| = (a+1)⌈m/(a+
1)⌉ −m.
If (|c(X1)| + |c(X2)| − 1)(a + 1) = m, then min{⌈m/(a + 1)⌉, q − r} = min{|c(X1)| +
|c(X2)| − 1, |c(X2)|+ |c(Y2)|} ≥ 0 = (a+1)⌈m/(a+1)⌉−m. Thus (m,n) satisfies Condition
A(ii).
SUBCASE 2.2. |c(X2)| > |c(Y1)|. Then |c(Y1)| ≤ a − 1. Combining with m − r =
|c(X1)|(a + 1) + |c(X2)|a − (|c(X1)| + |c(Y1)|) = (|c(X1)| + |c(X2)|)a − |c(Y1)|, we have
⌈(m − r)/a⌉ = |c(X1)| + |c(X2)|. Consequently, q − ⌈(m − r)/a⌉ = |c(X1)| + |c(X2)| +
|c(Y1)|+ |c(Y2)| − (|c(X1)|+ |c(X2)|) = |c(Y1)|+ |c(Y2)|. Moreover, a⌈(m− r)/a⌉ −m+ r =
(|c(X1)|+ |c(X2)|)a− |c(X1)|(a+ 1)− |c(X2)|a+ |c(X1)|+ |c(Y1)| = |c(Y1)|.
Consequently, min{r, q− ⌈(m− r)/a⌉} = {|c(X1)|+ |c(Y1)|, |c(Y1)|+ |c(Y2)|} ≥ |c(Y1)| =
a⌈(m− r)/a⌉ −m+ r. Thus (m,n) satisfies Condition A(iii).
SUFFICIENCY.
CASE 1. r = 0 and m is divisible by a. We can construct a proper equitable coloring c
with |c(X1)| = m/a, |c(Y1)| = n/a, and |c(X2)| = |c(Y2)| = 0.
CASE 2. r ≥ 1, r(a+ 1) ≥ m, and min{⌈m/(a+ 1)⌉, q − r} ≥ (a+ 1)⌈m/(a + 1)⌉ −m.
Choose k1 = m−a⌈m/(a+1)⌉, k2 = (a+1)⌈m/(a+1)⌉−m, k3 = r+a⌈m/(a+1)⌉−m,
and k4 = m+ q − r − (a+ 1)⌈m/(a+ 1)⌉.
By assumption, k1 = ⌈m/(a + 1)⌉ − ((a + 1)⌈m/(a + 1)⌉ − m) ≥ 0, k3 ≥ m/(a + 1) +
a⌈m/(a + 1)⌉ −m ≥ 0, and k4 = (q − r)− ((a + 1)⌈m/(a + 1)⌉ −m) ≥ 0. Obviously, k2 is
also nonnegative.
It is straightforward to check that equation system 1 in Lemma 3.1 is satisfied. Thus
Km,n has a proper equitable q-coloring.
CASE 3. r ≥ 1, r(a+ 1) < m, and min{r, q − ⌈(m− r)/a⌉} ≥ a⌈(m− r)/a⌉+ r −m.
Choose k1 = m−a⌈(m− r)/a⌉, k2 = (a+1)⌈(m− r)/a⌉−m, k3 = r+a⌈(m− r)/a⌉−m,
and k4 = m+ q − r − (a+ 1)⌈(m− r)/a⌉.
By assumption, k1 = r − (a⌈(m − r)/a⌉ + r − m) ≥ 0, k2 ≥ (a + 1)(m − r)/a − m =
(m− r(a+ 1))/a ≥ 0 and k4 = (q − ⌈(m− r)/a⌉)− (a⌈(m− r)/a⌉+ r−m) ≥ 0. Obviously,
k3 is also nonnegative.
It is straightforward to check that equation system 1 in Lemma 3.1 is satisfied. Thus
Km,n has a proper equitable q-coloring. ✷
Condition B. Let m+ n = qa + r where 0 ≤ r ≤ q − 1. We call (m,n) satisfies Condition
B if one of the following holds;
(i) r ≥ 1, r(a+ 1) ≥ m, and q + a⌊m/(a+ 1)⌋ ≥ m,
(ii) r = 0 or r ≥ 1, r(a+ 1) < m, and q + r + (a− 1)⌊(m− r)/a⌋ ≥ m.
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Theorem 3.4. Km,n has an equitable (q, t)-tree-coloring if and only if (m,n) or (n,m)
satisfies Condition A or B.
Proof. SUFFICIENCY. Assume that (m,n) satisfies Condition B.
CASE 1. r ≥ 1, r(a+ 1) ≥ m and q + a⌊m/(a + 1)⌋ ≥ m.
Choose k1 = ⌊m/(a + 1)⌋, k2 = k5 = k6 = 0, k3 = max{0, r + a⌊m/(a + 1)⌋ − m},
k4 = q+a⌊m/(a+1)⌋−m−k3, k7 = r−⌊m/(a+1)⌋−k3, and k8 = m+k3−r−a⌊m/(a+1)⌋.
By assumption, k4 and k7 are nonnegative. Obviously, each remaining ki is nonnegative.
It is straightforward to check that equation system 2 in Lemma 3.2 is satisfied. Thus Km,n
has an equitable (q, t)-tree-coloring.
CASE 2. r = 0 and q + (a− 1)⌊(m− r)/a⌋ ≥ m.
Choose k2 = ⌊m/a⌋, k4 = q + (a− 1)⌊m/a⌋ −m, k8 = m− a⌊m/a⌋, and k1 = k3 = k5 =
k6 = k7 = 0. By assumption, k4 is nonnegative. Obviously, each remaining ki is nonnegative.
It is straightforward to check that equation system 2 in Lemma 3.2 is satisfied. Thus Km,n
has an equitable (q, t)-tree-coloring.
CASE 3. r ≥ 1, r(a+ 1) < m and q + r + (a− 1)⌊(m− r)/a⌋ ≥ m.
Choose k1 = r, k2 = ⌊(m− r)/a⌋ − r, k3 = k5 = k6 = k7 = 0, k4 = q + r + (a− 1)⌊(m−
r)/a⌋ −m and k8 = m− r − a⌊(m− r)/a⌋.
By assumption, k2 and k4 are nonnegative. Obviously, each remaining ki is nonnegative.
It is straightforward to check that equation system 2 in Lemma 3.2 is satisfied. Thus Km,n
has an equitable (q, t)-tree-coloring.
Combining with Theorem 3.3, we complete the proof.
NECESSITY. Suppose Km,n has an equitable (q, t)-tree-coloring c. We prove that (m,n)
or (n,m) satisfies Condition A or B. If c is an equitable q-coloring, then (m,n) or (n,m)
satisfies Condition A. Assume equitable coloring does not exist for Km,n. Consider equitable
(q, t)-tree-colorings c of Km,n. Define k1 = |c(X1)|, k2 = |c(X2)|, k3 = |c(Y1)|, k4 = |c(Y2)|,
k5 = |c(X
′
1
)|, k6 = |c(X
′
2
)|, k7 = |c(Y
′
1
)|, and k8 = |c(Y
′
2
)|. We now restrict to c with the least
k5 + k6 + k7 + k8.
We claim |c(X ′
1
)| + |c(X ′
2
)| = 0 or |c(Y ′
1
)| + |c(Y ′
2
)| = 0. Suppose to the contrary, let
b = min{1, |c(X ′
1
)|}, d = min{1, |c(Y ′
1
)|}, and redefine k5 = |c(X
′
1
)| − b, k6 = |c(X
′
2
)|+ b− 1,
k7 = |c(Y
′
1)| − d, and k8 = |c(Y
′
2)|+ d− 1. By Theorem 3.2, we have an equitable (q, t)-tree-
colorings of Km,n with |c(X
′
1
)| + |c(X ′
2
)| + |c(Y ′
1
)| + |c(Y ′
2
)| − 2 defective color classes. This
contradicts the choice of c. Thus the claim holds. WLOG, we assume |c(X ′
1
)| + |c(X ′
2
)| = 0
and choose such c with largest |c(X1)|. Since c is not a proper coloring by assumption, we
have |c(Y ′
1
)|+ |c(Y ′
2
)| ≥ 1.
CASE 1. r ≥ 1, r(a + 1) ≥ m. If |c(X1)|(a + 1) = m, then we can obtain an equitable
coloring easily. Thus |c(X1)|(a+1) < m. Since |c(X1)|(a+1)+(|c(X
′
1
)|+|c(Y1)|+|c
′(Y1)|)(a+
1) = r(a+ 1) ≥ m and |c(X ′
1
)| = 0, we have |c(Y1)|+ |c
′(Y1)| ≥ 1 by condition of the case.
We claim |c(X2)| = 0. Suppose to the contrary. Redefine k1 = |c(X1)| + 1 and k2 =
|c(X2)| − 1. If |c(Y
′
1
)| ≥ 1, then redefine k4 = |c(Y2)| + 1, and k7 = |c(Y
′
1
)| − 1, otherwise
redefine k3 = |c(Y1)| − 1, k4 = |c(Y2)|+ 2, and k8 = |c(Y
′
2
)| − 1. We reach a contradiction by
a smaller value of k5 + k6 + k7 + k8.
We claim further |c(X1)| = ⌊m/(a + 1)⌋ or equivalently m − |c(X1)|(a + 1) = |c
′(Y1)| +
|c′(Y2)| ≤ a. Suppose to the contrary. If |c
′(Y1)| ≥ 1, then let h = min{a, |c(Y
′
2)|} and
redefine k1 = |c(X1)|+ 1, k3 = |c(Y1)|+ a− h, k4 = |c(Y2)|+ h, k7 = |c(Y
′
1
)| − a+ h− 1, and
k8 = |c(Y
′
2
)|−h, otherwise redefine k1 = |c(X1)|+1, k3 = |c(Y1)|−1, k4 = |c(Y2)|+a+1, and
k8 = |c(Y
′
2)| − a− 1. Again, we reach a contradiction by a smaller value of k5+ k6+ k7+ k8.
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From above, we have m = |c(X1)|(a+1)+ |c(Y
′
1)|+ |c(Y
′
2)| ≤ |c(X1)|(a+1)+ q− |c(X1)|
= a|c(X1)|+ q = a⌊(m/(a+ 1))⌋+ q. Thus (m,n) satisfies Condition B.
CASE 2. r = 0. If |c(X2)|a = m, then we can obtain an equitable coloring easily. Thus
we assume m is not divisible by a.
We claim further |c(X2)| = ⌊m/a⌋ or equivalently m − |c(X2)|a = |c
′(Y2)| ≤ a − 1.
Suppose to the contrary. Redefine k2 = |c(X2)|+1, k4 = |c(Y2)|+a−1, and k8 = |c(Y
′
2)|−a.
We reach a contradiction by a smaller value of k5 + k6 + k7 + k8.
From above, we have q − ⌊m/a⌋ = q − |c(X2)| = |c(Y2)| + |c(Y
′
2
)| ≥ |c(Y ′
2
)|m− ⌊m/a⌋a.
That is q + (a− 1)⌊m/a⌋ ≥ m. Thus (m,n) satisfies Condition B.
CASE 3. r ≥ 1 and r(a+ 1) < m.
We claim that m−|c(X1)|(a+1)−|c(X2)|a ≤ a. Suppose to the contrary. If |c
′(Y1)| ≥ 1,
then let h = min{a + 1, |c(Y ′1)|} and redefine k1 = |c(X1)| + 1, k3 = |c(Y1)| + h − 1, k4 =
|c(Y2)| + a − h + 1, k7 = |c(Y
′
1
)| − h, and k8 = |c(Y
′
2
)| + h − a − 1, otherwise redefine
k2 = |c(X2)| + 1, k4 = |c(Y2)| + a − 1, and k8 = |c(Y
′
2)| − a. We reach a contradiction by a
smaller value of k5 + k6 + k7 + k8.
We claim further that |c(X1)| = r. Combining with the previous claim, we have |c(X2)| =
⌊(m−r(a+1))/a⌋a. Suppose to the contrary. Then |c(Y1)|+|c(Y
′
1)| ≥ 1. Fromm−|c(X1)|(a+
1) − |c(X2)|a ≤ a and condition of the case, we have |c(X2)| ≥ 1. Since c is not a proper
coloring by assumption, |c(Y ′1)|+ |c(Y
′
2)| ≥ 1. Redefine k1 = |c(X1)|+1 and k2 = |c(X2)|−1.
If |c′(Y1)| ≥ 1, then redefine k4 = |c(Y2)| + 1, and k7 = |c(Y
′
1
)| − 1, otherwise redefine
k3 = |c(Y1)| − 1, k4 = |c(Y2)|+ 2, and k8 = |c(Y
′
2
)| − 1.
Thus m−|c(X1)|(a+1)−|c(X2)|a ≤ m−r(a+1)−⌊(m−r(a+1))/a⌋a = |c(Y
′
1)|+ |c(Y
′
2)|
≤ |c(Y1)|+ |c(Y2)|+ |c(Y
′
1
)|+ |c(Y ′
2
)| = q− c(X1)− c(X2) = q− r−⌊(m− r(a+1))/a⌋. That
is q + r + (a− 1)⌊(m− r)/a⌋ ≥ m. Thus (m,n) satisfies Condition B. ✷
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